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1. INTRODUCTION 
Multivalued mappings arise in a number of applications including games 
theory [7, 101, economics [ 1,6], and systems and control theory [2, 111, 
to give a few scant representative references from a vast literature. A func- 
tional analytic synthesis of many of these aspects has been accomplished by 
Browder [3] and Fan [S]. Underpinning much of this work are the fixed 
point theorems of Kakutani [7], Browder [3], and Fan [S], while 
Nadler [9] has proved a fixed point theorem for multivalued contraction 
mappings. 
In view of the recent interest in chaotic mappings (see [ 121 for references 
and [S] for a clear definition), it is not unreasonable to seek analogues for 
multivalued functions. One characteristic of many classes of dynamical 
systems is that periodic points of any period exist [13]. This is the same 
as saying that there exist fixed points (of any order) of a diffeomorphism. 
Herein, sufficient conditions are stated for the existence of fixed points of 
iterates (of all orders) of multivalued mappings. Of course, these are 
generally not periodic. These conditions are similar to those for chaotic 
single valued maps [4,8] but instead of using Brouwer and Schauder fixed 
point theorems, those of Nadler and Kakutani are involved. The sufficient 
conditions are stated in the next section and the theorems proved in 
Section 3. Two examples are discussed in Section 4. 
2. DEFINITIONS AND SUFFICIENT CONDITIONS 
Let E be a real, separable Banach space. If XC E, let ,X(X) (resp. 
,X,(X)) be the set of nonempty compact (resp. and convex) subsets of X. 
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The Hausdorff metric D, induced by the norm 11. I/ of E, gives ,X(X) (resp. 
,X(X)) the structure of a complete, separable metric space. 
A mapping f: E 4 X(E) is said to be a K-mapping if it is upper semi- 
continuous (USC), that is, the graph off, S(f) = {(x, y): y l f(x)} is closed 
in E x E. A K-mapping f: X -+ X(X) is said to be a multivalued contraction 
mappingonXifD(f(x),f(y))<rIlx-yli forallx,yEX, whereO<r<l. 
A fixed point off is a point x E E such that x E f(x). Recall that the fixed 
point theorem of Nadler states that every multivalued contraction mapping 
on E has a fixed point, while that of Kakutani states that if XE Xc(E), then 
every K-mapping f: X-+ ,X,(X) has a fixed point. 
DEFINITION 1. For integers k30 and XEZ(E), define f”(X) by 
J”(X) = X, f“(X) = f (f” ~ ‘(X)). The point x E E is said to be a fixed point 
of orderp ifxEfP(X) while x$fk(x) for k=l,...,p-1. 
DEFINITION 2. Let f: E -+ X(E) be a K-mapping. Suppose that 
X, YE X(E), f(X) 2 Y, and that there exists a nonempty compact set 
X,, G X such that f (X0) = Y. Then f(X) 2 Y is said to be a compact 
inclusion. If, further, X, YE Xc(E), f(X) 2 Y, and there exists a nonempty 
compact subset X0 of X such that f(X,) = Y, then f(X) 2 Y is said to be a 
compact convex inclusion. 
Throughout, fX will denote the restiction off to X. For every y E f (A’), 
let f,‘(y)= {xEX: yEf,(x)}. In general, f,‘(y)#f-‘(y). Observe that 
for the inclusions f(X) 2 Y of Definition 2, f,’ ( Y) 2 X,, f (f,’ ( Y)) 2 Y, 
and f,’ (f(V) = X. 
THEOREM 1. Let f: E + X(E) be a K-mapping. Suppose that there exists 
a nonempty compact subset X of E such that: 
(1) xnf(w=0; 
(2) f’(w~Xuf(n 
(3) f’((X)Zf(X) is a compact inclusion; 
(4) each off,’ andff:,, (both well defined because of (2)) is a contrac- 
tion on f (X). 
Then f has fixed points of all orders p > 1, 
THEOREM 1 C. Let f: E -+ X=(E) be a K-mapping. Let conditions ( 1) and 
(2) of Theorem 1 hold, together with: 
(3C) f 2(X) 2 f(X) is a compact convex inclusion; 
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(4C) f(X) is a compact convex set; 
(5C) for each y Ef(X), fr:x,(y) is a compact convex set. 
Then f has fixed points of all orders. 
THEOREM 2. Let f: E + x(E) be a K-mapping. Suppose that there exist 
nonempty compact subsets Y, , Y, c Y, of E and integers m, n > 0 such that: 
(1) f( Y,) 2 Y, is a compact inclusion; 
(2) f m + “( Y,) 3 Y, is a compact inclusion; 
(3) fm(Y2)nf”‘~Y(Y,)=Oforq=l,2,...,m; 
(4) (fm+?;*>fr: are both contractions on Y,, Y,, resp. 
Then f has fixed points of all orders p > m + n. 
THEOREM 2C. Let f: E -+ xc(E) be a K-mapping. Suppose that there 
exist nonempty compact convex subsets Y,, Y,c Y, of E and integers 
m, n 3 0 such that: 
(1) f( Y,) 2 Y, is a compact convex inclusion; 
(2) f m + “( Y,) I> Y, is a compact conuex inclusion; 
(3) f”(Y,)nff”~Y(Y,)=@forq=1,2,...,m; 
(4) (fm+“) &(y), f ;, (y) are compact conuex sets for each y E Y. 
Then f has fixed points of all orders p Z m + n. 
Theorem 1 is based on the single valued conditions of [4] (which only 
gave fixed sets), while Theorem 1C is a “convexitication,” wherein the 
Kakutani fixed point theorem replaces that of Nadler. Theorem 2 is related 
to conditions of [S] which, however, involved not only point-to-point 
maps but also their injectivity on certain subsets. 
3. LEMMAS AND PROOFS OF THEOREMS 
LEMMA 1. Let XE x(E) and suppose that f(X) 2 X, where f is a 
K-mapping. Then f c : X + .X(X) . IS a K-mapping and f G (X) is compact. 
Proof Clearly f,’ (y) is nonempty for each y E X. Now, 5!?(f) = 
{(x, y): y E fx(x)} = {(x, y): x E fc (y)} is closed by USC. So f,’ : X -+ 
,X(X) is a K-mapping, and f,’ (X) is closed in X and thus compact. 
LEMMA 2 [9]. Letf, g be multivalued contraction mappings on nonempty 
compact sets X, f(X), respectively, with constants I, u E (0, 1). Then g. f is a 
multivalued contraction mapping on X with constant Au. 
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LEMMA 3. Let Ai, i= 0, 1,2, . . . . be a sequence of nonempty compact sets 
in E. Suppose that for each i > 0, f (A;) 2 Ai+ 1 is a compact inclusion. Then 
there is a nonempty compact set WC A0 such that f ‘( W) & A, for all i > 1. 
Proof: Let gi denote the restriction of f to Ai. In much the same 
way as in Lemma 1, g+ : A,, I -+ s(A,) is a K-mapping. By the compact 
inclusion property there exist nonempty compact Qis Ai such that 
f(Q,) = Ai+ 1, for each integer i 2 1. Construct the sequence 
Wo=Qo, W,=g,+(Q,) ,..., W,=g,fog:” . . . o~,?~(Q;). Now W;+,c W; 
and so W := n, Wi is nonempty and compact. Moreover f ‘( W)c 
f ‘( W;) c Qi by the construction. 
LEMMA 4. Let G(X) 2 X be a compact inclusion and suppose that G: is 
a multivalued contraction mapping on X. Then G has a fixed point in X. 
Proof: Observe that G$ (G(X)) = X and since G(X) 2 X, X2 G$ (X). 
Since G$ is a contraction from X to -X(X), by the Nadler fixed point 
theorem there exists x E X such that x E G: (x), that is, x E G(x). 
Proof of Theorem 1. For p = 1, fftx, : f(X) --+ x( f (X)) has a fixed 
point by condition (4) and Lemma 4. For p > 1, construct a sequence {A;} 
of nonempty compact sets by Ai = f(X) for i = 0, 1, . . . . p - 2, A,_, = X 
and A,+;= Ai for all integers i 3 0. Then the conditions of Lemma 3 
are satisfied. Let W, be the sets constructed in that lemma, together 
with W G A, = f(X). Now f”(W) c A, and f P(A,) 2 A,. By Lemma 2 
and condition (4), f,T$ ’ of,’ is a contraction on A, = f (X), and hence 
on W. Now fg.$-‘(f( W)) = W. Moreover j&T-’ 0 f$ (f”(W)) = 
f +Pp’o(fzof) f(X) (f”^‘(W))=f~x~~‘(fP~‘(W)) and, continuing in this 
way it follows that f + P--l of,’ = (f ?;x) on W. Then Lemma 4, with 
G =kp, gives a fixed &.$nt xp off p, xp E f a(xp). Suppose that xp E fq(x,) 
for some integer q, 0 <q < p. Then 
f”-“-‘(X,)CfP-‘(Xp). (*I 
But f “-‘(x,) c X while f PP4-‘(xp) c f(X), both inclusions resulting from 
the construction of the sequence (A;}. The condition (2) contradicts (*), so 
xp $ f “(x,) for 0 <q < p, and xp is a fixed point of order p. 
Proof of Theorem 1C. For p= 1, f(f(X))?f(X) implies that a non- 
empty compact convex subset 2 off(X) exists such that f (Z) = f (X). Now 
by (5C), f/tx, : fX) + x, (f (X)) and, in particular, fftx, : Z -+ x=(Z). So SAX, 
has a fixed point z by the Kakutani fixed point theorem, ZE f/tx,(z). But 
then ZE f(z). For p 2 2, construct a sequence {Ai) as in Theorem 1. From 
condition (3C), f P(A,) 2 A, is a compact convex inclusion, so there exists 
Z, c A, =f(X) such that f “(Z,) = f (X). Thus, by the Kakutani fixed point 
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theorem, (fP)&, : Z,, -+ -X,(Z,) has a fixed point zP E (.fP)f:Xj(~p) and the 
remainder of the proof proceeds as in Theorem 1. 
Proof of Theorem 2. From condition (2) there exists a nonempty 
compact subset ZG Y, such that Y, = f”‘“(Z). Now Z c Y, G f( Y,), from 
which (f :,)” (Z) c Y, for all k 3 0. Consider the mapping 
(f,:)“df m+y;*: Y, +X( Y,). 
By (4) and Lemma 2 it is a contraction, so the Nadler fixed point theorem 
and Lemma 4 give a point y, E fm+n+k( yk). In fact y, E Z. Now y, is a 
fixed point of order p = m + n + k. To see this, first note that p could not 
be less than m + n, for if p d m and y, E f p(yk) it would follow that 
fmpp( yk) sf”( yk), contradicting condition (3). On the other hand. if m < 
p<m+n, y,~fP(yk)impliesthat(f+)P~“(y,)~f”(y,).Sincep-m>0, 
and y, E Z, (f + )p-m( yk) t Y,, which again contradicts (3). Last, suppose 
that ykEfV(yk) for m+nQq<p, and let q-q’ (mod(m + n)), 
p 3 p’ (mod(m + n)), where 0 < p’, q’ < m + n. Then f “‘( yk) E f “‘( yk) by 
condition (2), and this is covered by the two cases considered above. So y, 
is a fixed point of order p 3 m + n. 
The proof of Theorem 2C is very similar to that of the above, differing 
essentially in its use of the Kakutani fixed point theorem (cf. Theorems 1 
and lC), and is omitted. 
4. EXAMPLES 
Both examples are in Euclidean space. 
(1) Define h: [0, l] -+ [0, l] and f: [0, l] -+X[O, l] by 
h(x) = 
1.8X, O<Xb& 
1.8-1.8x, ;<x<l, 
and 
f(x) = Cm(x), Wx)l, 
where m(x) = min(h(x), 3.9x( 1 -x)}, M(x) = max{h(x), 3.9x( 1 -x)}. 
Let X = CO.35 0.373. Then f(X) = CO.63, 0.909091 and f’(X) = 
CO.3223166, 0.909091, so conditions (1) and (2) of Theorem 1 are satisfied. 
Condition (3) is easy to verify. Now, on f(X), D(f+(u), f ‘(u)) =max(lu- 
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u1/1.8, Iu’- o’l), where U’ is the root in [0, t] of the equation 
3.9x( 1 -x) = U. Thus 
where 0.63 < c < 0.90909. But the denominator is no greater than 7.813.89 
for 0 < c < 0.9105674 and so f + is a contraction with Lipschitz constant 
<3.89/3.9. The proof of contraction on X is identical. 
Note that all sets are (trivially) convex, being connected intervals, so 
that the conditions of Theorem 1C are also satisfied. 
(2) Let h, k: [0, l] + [0, l] be defined by 
and f: [0, l] + X[O, l] by f(x) = [m(x), M(x)], where m := min{h, k}, 
M:=max{h, k). Let G: [0, 11’ -+ X[O, 11’ be defined as follows: write 
L, C4 bl = { (4 v): XE [a, 61 and 90x+378~-305~0~9x+36y-29}, 
L, [a, hl = {(x, Y): -x E [a, bl and 90~-378y+125dO<5~-18y+5}. 
Put 
{ 
L, Cf(x)l, 
G(xy y)= L, [f(x)], 
ObX& 
+<x< 1. 
Now put Y, = L, [9/16,7/S], Y, = L, [25/32, 55/64]. Then G( Y,) = 
L,[O.2375, 7/8], G( Y,) = L,[O.2671..., 7/16], G2( Y,) = L,[O.50765 . . . . 7/8], 
G3( Y,) = L, [0.2375,0.98468...]. Note that G( Y,) I Y,, that G’( Y2) is 
disjoint with both Y, and G( Y,), and all the requisite sets are convex. So 
the conditions of Theorem 2C are satisfied with m = 2, n = 1. The condi- 
tions of Theorem 2 regarding contractions can also be shown to hold. 
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